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The non-stationary coupled problem of electroelasticity in connection with the dynamic twisting of a
finite hollow cylinder of non-homogeneous piezoelectric material is considered in the case when the
electric potential or shear stresses, which depend arbitrarily on time, are specified on its curvilinear
surfaces. The method of expansion in eigen vector-valued functions in the form of a structural
algorithm of finite integral transformations is used. It is shown that a closed solution can be obtained
for a power law of the non-homogeneity of the electric, elastic and inertial characteristics of the
material. The results obtained hold for crystals of tetragonal symmetry of class 422 and the hexagonal
system of class 622.

THE PROBLEM of the integrability of the equations of the theory of the elasticity of non-homo-
geneous isotropic and transversely isotropic bodies has been investigated fairly completely for
the case of static loading [1-3]. When non-stationary interaction occurs between force and
electric fields the method of expansion in eigen vector-functions [4] is effective. Using it
together with the method of finite differences one can obtain solutions of some special
problems of dynamic electro-elasticity for homogeneous bodies [4-6].

1. Suppose a hollow circular finite cylinder in a cylindrical system of coordinates (r, 6, z)
occupies the region Q: {a<r=<b, 0<6<2x, 0=<z<l}, is a linearly elastic anisotropic body,
and is made of a non-homogeneous piezoelectric material whose physical-mechanical and
electrical characteristics vary continuously along the radius r. We will consider the case when
the ends of the cylinder (z=0, /) are free from stresses and electric charges, while shear
stresses o(z, 1) and an electric potential p(z, 1) act on the inner and outer curvilinear surfaces
(r=a, b), respectively. This formulation generalizes the physically realizable boundary
conditions, since only p(z,1) or o(z,1) are in fact specified. Since the cylinder performs forced
torsional oscillations, we will assume that at the initial instant of time (f=0) we know the
distribution of the tangential displacements g,(r, z) and their velocities g,(r, z). It should be
noted that the components of the stress tensor and the vector of the displacements in this case
are independent of the angular coordinate 6.

The mathematical model of this problem includes differential equations of the motion and
the electrostatics of a continuous piezoelectric medium [4, 5, 7]
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which are related by the equations of state
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B 9 9 3 0
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and are supplemented by the boundary and initial conditions,
The following representation holds for the one-dimensional non-homogeneity of the mech-
anical and electrical characteristics of the medium considered

p=S8f(r), caa =Csaf(r), ce6 =Cs6f(r), €14 =E14f(r), €11 =E; f(r),
€33 = E33f(r) (1.3)

In relations (1.1)—(1.3) 7,,(r, z,7) and 7,(r, z,t) are the components of the mechanical-stress
tensor, u(r, z,t) is the tangential component of the displacement vector, D,(r, z, t) and D,(r, z,
1) are the components of the electric-induction vector, ®(r, z, 1) is the electric potential, c,(r)
and p(r) are the elastic characteristics and the density of the material (i =4, 6), ¢, (r) is the
permittivity (k=1, 3), e,,(r) is the piezoelectric modulus of the cylinder, C,, S, E,, and E,, are
the corresponding physical-mechanical and piezoelectric characteristics of the uniform med-
ium (the properties of these material constants are described in detail in [7]), and f(r) is an
arbitrary dimensionless continuously differentiable heterogeneity function.

By substituting (1.2) and (1.3) into (1.1) we obtain a system of equations of dynamic torsion
of a heterogeneous piezoelectric cylinder when combined force and electric fields act on it, and
also the boundary conditions
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ol v+ FO)— v~ FE)U] + Cog 50+ Eya
Ers e 04 PO = Eyy e @4+ )] - Eyy 2 020
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14— s o 38 0 (14)
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Cos— V+E s —®=0, =0, z=0,! (1.5)
oz or
] 1
Ces(—v——v)=0%( 1), =0, r=a
or r (16)
0 1
—v—-—v=0, ®=p(z, 1), r=b
or r
U=g1(r,2), U'=g2(r,2), t=0’ F(r)=f,(r)/f(r)+r_l’ O.'_‘O/f(a) (17)

The prime denotes differentiation with respect to r, and the asterisk denotes differentiation
with respect to ¢

2. The initial-value problem (1.4)-(1.7) considered can be solved by the method of integral
transform. We will first use the finite cosine and sine Fourier transforms with respect to the
variable z, taking the boundary conditions (1.5) into account. The boundary-value problem in
the transformants v,(r, n, t), ®,(r, n, 1) obtained in transform space can then be reduced to
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standard form. To do this we introduce the representation

v n =h.(Na.(n )+ V., nt)
@, (r, n, )=hs (NP (1, 1) + o5, 1, 1); the (), hs(r)} €Cs g, B] @1

By substituting (2.1) into the equations and boundary conditions, taking into account the
relations

)+ FO) he(r) = [F ' F() +e™ o] he()=0
hy () + FOhg(r) — X ol hs(r) =0

22)
h.(a)—a h.(@=Css, hs(@)=0, h (b)- bth,(b)=0, hy(b)=1 23)
we reduce the transformed boundary-value problem to the standard form
v, v, 1 R .
Coslogg™ HFOI= —~ FOVel - Cantly Ve + Evatn —— = SVE" =Fe(r,m.1)
3¢ 3¢5 . oV, )
Eyy [_8;2_5' +F(r)_;—] —E33app5 +Eyq0n [_a_r—' +F(@V] =0, m, )] (24)
av, 1
S _V.=0, ¢,=0, r=a,b (25)
or r
VC=Glc(rs n)} Vc:'_‘Gzc(". n)) t=0 (2.6)
Here
P.(r,n, )=Sh.(r)0";(n, 1) — Ey 40, hs(r)ps(n, 1),
Qs(r.n, )= —E 40y o.(n, t)[h;(r) + F(r) b (r)] )

{
i Vc(rx n, t): ac(n, t)sglc(r: n),gzc(’» n)} =({ !U(r, A t)’ 0‘ (Z, t)’gl (r) Z)’g2(rr Z)} cosaPIZdZ
)
{®,(, n, 1), ps(n, O} =fo{d>(r, z, 1),p(z, D)} sina, zdz; a,=nnl"!

Gic(,n)=gyc(r,n) —he () oc(n, 0), Gac(r,n)=g0(r,n)—ho(P)a%(n 0)
€=Ce6/Caa, X=E, 1/E33

We now apply the degenerate finite integral transformation with respect to the variable 7 to
boundary-value problem (2.4)-(2.6), i.e. a transformation of the form [8]+

b
q\in , 1, t)=.{; m@)Ve(r, n, )Ky (i, ) dr 2.8)

{ Vc (r» n’ t)’ ‘Ps(’» n: t) } =i§1 ‘I()\in ] n: t) i Kl ()\in ) r), 1:2 ()‘im r) ! “ Kl?l "_2 (2'9)
» =

IKin 12 = m(P)Ki(Ny,, P dr
a

Here 4, (i=1,2,...) are positive parameters forming a denumerable set, and 1| K, |l is the
norm of the vector-valued function of the kernel of the degenerate transformation.

+See also SENITSKII Yu. E., Investigation of the elastic strain of structural components in the case of dynamic actions
by the method of finite integral transformations. Izd. Sarat. Gos. Univ., Saratov, 1985.
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For the system of Egs (2.4) considered, the weighting function is defined by the following
quadrature [9]

m(r)=exp [[F(r)dr] (2.10)

A feature of the finite integral transformation introduced is the fact that its transform (2.8)
and the inversion formula (2.9), represented in vector form, contain a different number of
components of the vector function of the kernel K(4,, r). The expansions (2.9) hold when the
following orthogonality relation is satisfied [4]

b .
] m(r)Kl(kimr)Klo\y‘nJ)dr:s,f 1K, 12 (2.11)
a

where §/ is the Kronecker delta.

It was shown in [10] that when the transforms ¢(4,, n,1) (i=1, 2, ... ) are bounded, the
uniqueness of the representations and the convergence of the expansions in the metric of space
L, defined by the inversion formulae (2.9) is ensured.

Following the structural algorithm of the finite integral transformation method [8] we
multiply the first equation of (2.4) and the initial conditions (2.6) by m(r)K,(4,,, r), and the
second equation by m(r)K,(4,, r), and we integrate over the interval [a, b] and add. Then
integrating by parts and satisfying the conditions

{ Cosm N[V /INK | — VK] + Eyaonm(N)(psK; — Ve Ka) +
+E, ym[(00,/00) K, — 0 K211 15,=0 (2.12)

a b
I m@)[V,L(Ky, K3) + oMK, K3)] dr=-X\},Css f m(r)V, K dr (2.13)
b a

the first of which is the bilinear form at the ends of the interval equated to zero, while the
second is the operational property, we obtain a denumerable system of Cauchy problems for
the transform g(4,, n,1)

q.‘(ki?!’ n, t) + w?n Q()‘in, n, t)z_S—lN(Ri?h n; t)s i: 1» 23 s. (2'14)
q(kfna n, 0)= Gi@in’ n); q Qfﬂ: n, t)‘f-:o =G2()\im n)s t=0

Here w, are the angular frequencies of torsional oscillations of the cylinder

b
Gy (Nin, n)=fb'n(r)6'1c(r, n)K1(Nin, r)dr, G2 (Nin, n)={m(r)Gzc(r, MKy (Nin, r)dr
Nn,n, )= fb mOP.(r, n, DKy (Ngn, 1) + Qs 1, DKy (Ni, N)dr, wip =Nin (T 5/S)'/2

LKy, K3)=Ces[Ki + FO)K{ — "' F(NK,] — Caa0e Ky ~ E1atnK;

MKy, K)=Ey [K3 + F()K; ] — E3302K; — Ey40,[Ky + F(NK, ]

From Eq. (2.14) we can determine the transform of the finite integral transformation

q\n. 1, 1) mtcl(}‘im n)coswi, t + wx-nl Gy (Nip, M) sinw;, 2 —
- (Sw,-,,)" INQyy, n, T)siney, (2 — T)d7 (2.15)
0
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3. We will now consider relations (2.12) and (2.13), which, together with the boundary
conditions (2.5), enable us to formulate the homogeneous boundary-value problem for the
components K, and X, of the kernel of the transformation. From (2.13) we obtain the system
of equations

L(Kl, K2)+)\§nCGGKl =0, M(Kl, K2)=O (3.1)
Equations (2.12) and (2.5) lead to the corresponding conditions
K{Oi"» r) - r-lKl(xl'n» r)=0: K2()\inr ")= 0: r=a, b (3‘2)
Note that the eigen functions of the boundary-value problem (3.1), (3.2) satisfy the
orthogonality relationship (2.11) and, consequently, the boundary-value problem (3.1), (3.2) is
self-adjoint.
We will consider the problem of the integrability of system (3.1), since this is connected with
the possibility of constructing a closed solution cf the problem in question. By differentiating
the second equation of (3.1) and bearing in mind the operator equation

K, +F(OK]'=K{ +F)K), —r ' FOKy, k=1,2 33)

we conclude that system (3.1) is equivalent to a fourth-order resolvant

exVEK i, 1) — 0 BinV K1 Qin, 1) + 0 Ain K1 (Nin, 1) =0 (34)
2 d
vi= - +F(r)—;17— rriF@)
Bin=xAintetn, Am=1-97N,, 7 =o€, n1=E}4(E33Cas)™ (3.5
We introduce the generating equation
VEK Qun, D=8, K, (\i, 1) (3.6)

and from (3.4) we find
(i, =0 [-Bin £ 2x€) (B, — 4X€41n)"]
Reverting to Eqs (3.3) and (1.8), we obtain
Fy=m+Dr7, fy=r" X))
Here m is an arbitrary real constant.
Taking expressions (3.7) into account and making the replacement of variables in accord-
ance with the formulae
KiNQun, D=1 Wy (x), x=kpmr, N=1,2. (3.8)
we can reduce (3.6) to a Bessel equation in W,,(x).

If we take into account the linearity of differential equation (3.4) and also relation (3.8), its
general solution can now be represented as follows:

2 2
Ky, 1) =N2__1 KinQin, n)= ,-"I/2Nz_l MinnImj2+1 Einnr) +
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tBinn Ymyz+1(Einnn)] (39

where J,,,,( - ) and Y, ,,,,( - -) are cylindrical functions of the first and second kind, and
A, B,y are arbitrary constants of integration.

Expanding relations (3.6) and (3.9) we can determine from the first equation of system (3.1)
the second component of the kernel of the transform

Caa
K2(>\in9 r)=

2
r7 2 By £ Ainn T j2Einy D) + Bigy Y j2 il (3.10)
140p N=1

BiﬂN=€E?nN +a3; AiIIN, N= ]-y 2

The weighting function of the finite integral transform can be calculated from (2.10) and
37

m(p)=rm*! (3.11)

while the square of the norm can be calculated from expressions (2.9) and (3.9)-(3.11).

By substituting expressions (3.9) and (3.10) into (3.2) we can form a homogeneous system of
algebraic equations in A,,,, B,,. From the condition for the solution to be non-trivial we
obtain a transcendental equation for determining the eigen values A,, and we can find A,,,
Bim\'

D(My)=detay,, =0, 5,k=1,2,3,4 (3.12)
Biny =D =detag, s, k=1,2,3, Aiun =Dy, Bin1 =D; (3.13)

The determinants D,, D, and D, follow from D, by replacing the first, second and third
columns respectively by colon{a, a, a,,}.

In (3.12) and (3.13) we have introduced the following notation
askzﬁinkzi_,:kjm/z(sinkr), S’kzlvzs rz:a’bfor S=I,2
sk =Bin, k-2 8y g Ym/2Cin—27), $=1,2, k=34, r=ab fors=1,2
ask zsz'nk'}m/2+2(€inkr), S=334s k= 1: 25 rza’ b for S=31 4
ask = Ein k-2 Ymj2+2inx—27), 8, k=3,4, r=a bfors=3,4
4. The concluding stage of the investigation is the determination of the functions A.(r), A,(r)
which occur in (2.1). We will use Eqs (2.2) and (3.7). Their general integrals can be written in
terms of modified Bessel functions I( - ), K,( - ). Taking boundary conditions (2.3) into
account we obtain
(a)m/ZKm/zn(’Yn b)Yl ja+1(Yn?) tlm 242 (Ynd)Km j2+1(¥n?)
TnCes r Im/2+2(7na)Km/2+2(7n b) ‘Im/2+2(7nb)Km/2+2(7na)
Io(n@) Ko(in 1) — Ko(ttn @) Lo (kn?)
IO(#):&)KO(A“n b) - ID(A”’H b)K()(ﬂna)

o =m2a+t2 P2 =dlx7!

he () = 4.1

b
h®)=C)"
r

Applying the formulae for the inversion of a degenerate finite integral transform (2.9) and a
finite Fourier transform successively to expressions (2.15) and (2.1) we obtain expressions for
the functions of the tangential displacements and the electric potential of the cylinder

v(@r, z, t)= b Q;l COS(!nZ[hc (r)o-c (n' [) +.El qO\in, n, t)K,(?\,—,, r)"K,-,, "_2] (4.2)
n=0 =
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oo 2 oo _
&(@, 2, )=Z i sina, z[h(Dps(n, )+ T qNin, 1, DK, in K 172]
n=1 i=1

B {1/2 for n+0
" 1 for n=0

Equations (4.2) satisfy the differential equations (1.4) and the boundary conditions (1.5)-
(1.7), i.e. they represent a closed solution of the problem for a power law (3.7) of the change
along the radius of the physical-mechanical and electrical characteristics of the cylinder.
Expressions (4.2) were constructed for arbitrary actions, and hence, taking different functional
relationships as o(z, t), p(z, t) and calculating the transformants (2.7) and (2.15), the corres-
ponding particular results can be obtained. In the case when m=0, solution (4.2) holds for a
uniform piezoelectric cylinder. It should be noted that Eqs (1.4) for m=0, F(r)=r" represent
(3.43) and (3.44) of [7] written in cylindrical coordinates for the case of antiplane strain, and
crystals of classes 422 and 622 [7, Table 3.4].
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